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Abstract
In this contribution, we introduce a technique to freeze the parameters which
describe the accelerated states between two users to be used in the context of quan-
tum cryptography and quantum teleportation. It is assumed that, the two users
share different dimension sizes of particles, where we consider a qubit-qutrit sys-
tem. This technique depends on local operations, where it is allowed that each
particle interacts locally with a noisy phase channel. We show that, the possibility
of freezing the information of quantum channel between the users depends on the
initial state setting parameters, the initial acceleration parameter strength of the
phase channel. It is shown that, one may increase the possibility of freezing the
estimation degree of the parameters if only the larger dimension system or both
particles pass through the noisy phase channel. Moreover, at small values of initial
acceleration and large values of the channel strength, the size of freezing estimation
areas increases. The results may be helpful in the context of quantum teleportation
and quantum coding.
1 INTRODUCTION
It is well known that, to perform some quantum information tasks as teleportation[1],
cryptography [2], quantum encoding [3, 4] and computations [5] , one needs to generate
maximum entangled states. Practically, it is possible to generate these states, but during
their transmission from the source to the users they interact with their surrounds and con-
sequently the coherence takes place. Therefore, these maximum entangled states turn into
partially entangled states and consequently, their efficiency to perform the quantum in-
formation tasks decrease. There are different types of noise which cause this decoherence.
One of the noisy channel is the Unruh effect which is represented by the acceleration [6].
There are several studies that have been done to investigate the behavior of the acceler-
ated systems in different types of noise. The possibility of using these accelerated systems
to implement quantum teleportation is discussed by Metwally [7]. Using the accelerated
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system to perform quantum encoding is investigated in[8]. However, some protocols were
introduced to minimize the losses of the coherence of the accelerated systems. Metwally
[9] suggested a protocol based on weak and reverse measurement to enhance the local and
non-local information of accelerated two different dimension systems. Bromely et. al [10]
discussed the possibility of freezing the quantum coherence of two qubit systems in the
presence of different noisy channels. Recently M.-Ming Du et. al [11] investigated the
Unruh effect on the coherence dynamics of accelerated qubit systems.
As the information of any system is contained in its parameters, we can minimize the
possibility of estimating these parameters or freezing the degree of estimation during the
transmission process from one location to another. In this case, if the travelling states
are captured by adversary, then may he/she get a minimum information or nothing at
all. Moreover, the adversary cannot dissipate the information and consequently cannot
strayed the users be sending different information.
Here, we introduce a technique to freeze the decoherence due to the acceleration. In
this context, a system consists of qubit-qutrit, where it is assumed that only the qubit
is accelerated with a uniform acceleration while the qutrit state in the inertial frame.
In this protocol, we freeze the information which can be find on the parameters which
describe the accelerated state. The main idea of this technique is to allow one or each
of these particles (qubit/qutrit) to pass through a noisy phase channel. We estimate the
initial values of the initial parameter settings and the strength of the noisy channel that
maximize, minimize and freezing the accelerated state.
The paper is organized as follows. In Sec.II, we describe the quantum state that is
shared between the two users; (Alice) and (Bob). In Sec. III,the acceleration process is
briefly described. The paper is organized as follows. In Sec.II, we describe the quantum
state that is shared between the users; Alice and Bob. In Sec. III, the acceleration process
is described briefly. The possibility of estimating the initial parameters by using quantum
Fisher information. Finally we discuss our results in Sec. IV.
2 The suggested quantum system
2.1 qubit-qutrit system
We assume that the system consists of a qubit(two-levels) system and a qubit (three-levels
system) are initially prepared in an entangled state. In the computational basis {0, 1},
for the single qubit and 0, 1, 2 for the single qutrit, one can write the density operator of
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qubit-qutrit system in the basis|00〉, |01〉, |02〉, |10〉, |11〉 and |12〉 as
ρab =
{µ
2
(|0〉a〈0|+ |1〉a〈1|)
}
⊗|1〉b〈1|+
{µ
2
|1〉a〈1|+
1− 2µ
2
|0〉a〈0|
}
⊗ |2〉b〈2|
+
{µ
2
|0〉a〈1|+
1− 2µ
2
|1〉a〈0|
}
⊗ |0〉b〈2|+
{µ
2
|1〉a〈0|+
1− 2µ
2
|0〉a〈1|
}
⊗ |2〉b〈0|
+
{µ
2
|0〉a〈0|
}
⊗ |0〉b〈0|+
{1− 2µ
2
|1〉a〈0|
}
⊗ |0〉b〈1|, (1)
where, 0 ≤ µ ≤ 1
2
[14]. All the information of this density operator is encoded in the
parameter µ, which represents the initial state setting parameter.
2.2 Acceleration process
In this context, we assume that only Alice qubit is accelerated with a uniform accelera-
tion r, while Bob’s qutrit stays in the inertial. This means that, Alice qubit will be in
Minkowski space, Therefore, if the coordinate of a particle is defined by (t, z) in Minkowski
space, then in Rindler space, the Dirac qubits coordinates may be defined by (τ, x), where
τ = a tanh(t/z), x =
√
z2 − t2, (2)
and −∞ < r < ∞, −∞ < x < ∞, tan rb = exp[−πω cac ], 0 ≤ r ≤ π/4, −∞ ≤ ac ≤
∞, ω is the frequency, c is the speed of light [12]. The computational basis |0k〉and |1k〉
can be written as [15, 13, 14],
|0M〉 = cos r|0R〉I |0R〉II + sin r|1R〉I |1R〉II ,
|1M〉 = |1R〉I |0R〉II . (3)
Now, using the transformation (3) and the initial state (1), the final accelerated state
is given by
ρacab = ̺1|00〉〈00|+ ̺2|01〉〈01|+ ̺3|00〉〈12|+ ̺4|12〉〈00|+ ̺5|10〉〈02|+ ̺6|02〉〈10|
+̺7|02〉〈02|+ ̺8|10〉〈10|+ ̺9|12〉〈12|+ ̺10|11〉〈11| (4)
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Figure 1: This diagram shows the dynamics of the accelerated particle in the Rindler
space-time. The accelerated particle travels on a hyperbola in the first region, I with a
uniform acceleration, while its anti-particle travels in the second region, II. The non-
accelerated particle stays in the inertial frame.
where,
̺1 = ̺2 =
µ
2
cos2 r, ̺3 = ̺4 =
µ
2
cos r, ̺5 = ̺6 =
1− 2µ
2
cos r,
̺7 =
1− 2µ
2
cos2 r, ̺8 =
1− 2µ
2
+
µ
2
sin2 r,
̺9 =
µ
2
+
1− 2µ
2
sin2 r, ̺10 =
µ
2
(1 + sin2 r). (5)
2.3 Phase channel
For a single qubit, the phase-flip channel in the computational basis set {0, 1, 2} may be
described by [21],
Ka
1
= P1I2×2 ⊗ I3×3, Ka2 = P2σz ⊗ I3⊗3 (6)
where P2
1
+ P2
2
= 1 and I2⊗2, I3⊗3 are the units operators of the qubit and the qutrit,
respectively, y P1 =
√
1− γa
2
and γa is the strength of the phase channel. For the single
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qutrit system the phase-flip channel is given in the Kraus representation as
Kb
1
= R1I2×2 ⊗ I3×3
Kb
2
= R2I2×2 ⊗
(
|0〉〈0|+ e−2iπ/3|1〉〈1|+ e2iπ/3|2〉〈2|
)
,
Kb
3
=
(Kb
2
)†
(7)
where R1 =
√
1− 2γb
3
, R2 = 1−R21, and γb is the strength of the channel with respect to
the qutrit. Now, we have different possibility, either the qubit or the qutrit passes through
the phase channel or both of them are forced to pass through these noisy channels.
Now, let assume that the accelerated qubit-qutrit system (4) passes through the phase-
flip channel. The output state is given by
ρF =
3∑
J=1
2∑
i=1
{
RbjKai ρab
(
Kai
)†(
Rbj
)†}
(8)
In the computational basis the final state (8) is given by
ρF = ̺1|00〉〈00|+ ̺2|01〉〈01|+ ̺7|02〉〈02|+ ̺8|10〉〈10|+ ̺10|11〉〈11|
+ ̺9|12〉〈12|+ (1− γa)ηb
(
̺3|00〉〈12|+ ̺4|12〉|00〉+ ̺5|10〉〈02|+ ̺6|02〉〈10|
)
(9)
where ηb = 1− 2γb3 (1− cos(2π/3)).
The main task now is estimating the initial parameter of the state settings, (µ) and
of the initial strength channels, γ , where we set γa = γb = γ.
3 Fisher Information
3.1 Mathematical Form
Quantum Fisher information represents a central role in the estimation theory, where
it can be used to quantify some parameters that cannot be quantified directly [16]. In
this subsection, we review the mathematical form of Fisher information. Let η be the
parameter to be estimated. The spectral decomposition of the density operator is given
by ρη =
∑n
j=1 κj|ψj〉〈ψj |, where κjand |ψj〉 are the eigenvalues and the corresponding
eigenvectors of the state ρη. The Fisher information with respect to the parameter η is
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defined as [20]
Fη = tr{ρηL2η}, (10)
where the symmetric logarithmic derivative Lη is a solution to the equation
∂ρη
∂η
= 1
2
(ρηLη+
Lκρκ). Using the spectral decomposition and the identity
∑n
j=1|ψj〉〈ψj | = 1 in Eq.(5),
one can obtain the final form of the Fisher information as[17, 18, 19],
F = Fcl + Fqu − Fmix, (11)
where
Fcl =
n∑
j=1
1
κj
(
∂κj
∂η
)2
,
Fqu = 4
n∑
j=1
κj
(〈∂ψj
∂η
∣∣∣∂ψj
∂η
〉
−
∣∣∣
〈
ψj
∣∣∣∂ψj
∂η
〉∣∣∣2),
Fmix = 8
n∑
j 6=ℓ
κjκℓ
κj + κℓ
∣∣∣
〈
ψj |∂ψℓ
∂η
〉 ∣∣∣2. (12)
The summations on the first and the third terms over all κj 6= 0 and κj+κℓ 6= 0. The first
and the second terms represent the classical Fisher information, (Fc), and the quantum
Fisher information of all pure states, (Fp), respectively. The third term, (Fm) is stemmed
from the mixture of the pure states. It is clear that, Fisher information for a pure state is
just the first two terms, namely Fpure = Fc + Fp, while for a mixed state the third term
is subtracted. Therefore, the quantum Fisher of a pure state is larger than that displayed
for a mixed state [17, 18, 19].
3.2 Only the qubit passes through the phase channel
Fig.(2a) displays the behavior of the quantum Fisher information Fr for any initial state
settings and initial channel strength γ at a small initial value of the acceleration (r = 0.1).
The degree of the darkness displays the possibility of estimating the parameter r. However,
as the brightness increases the estimation’s degree of the parameter r increases. Different
regions show that, the Fisher information Fr is frozen. Fig.(2b) displays the behavior
of Fr at larger values of the initial acceleration where we set r = 0.2. In general, the
behavior is similar to that displayed in Fig.(2a). However, the size of the estimation areas
are changed and irregularity takes place.
From Fig.(2), for small values of the initial acceleration, the sizes of the frozen areas
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Figure 2: Fisher information with respect to the acceleration parameter, Fr where the
initial acceleration (a) r = 0.1 and (b)r = 0.2.
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Figure 3: Fisher information, Fr for an accelerated system initially prepared γ = 0.99
and µ = 0.01, 0.1, 0.2, 3 for the solid, dot, dash and dash-dot, respectively.
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Figure 4: (a)The Fisher information with respect to the initial state setting parameter
µ at an initial acceleration r = 0.2. (b)Fisher information Fµ, where γ = 0.99 and
µ = 0.05, 0.1, 0.15, 0.2 for the dot, dash, dash-dot and solid, respectively
are wider than those displayed at larger values of initial acceleration.
In Fig.(3), we show the effect of maximum value of channel strength on Fr, where we
set γa = 0.99. At zero acceleration, the Fisher information increases suddenly for any
initial state setting to reach its maximum values. These maximum values depend on the
initial state settings, where they are higher at larger values of µ. However, at smaller
values of r, the sudden decay phenomena is predicted at larger values of µ. Moreover,
the behavior of the quantum Fisher information, Fr is almost frozen as one increases the
acceleration.
Fig(4a) shows the values of µ andγ that freeze the quantum Fisher information with
respect to the initial state setting parameter µ. Different degrees of darkness are displayed.
This means that, in these regions the quantum Fisher information is frozen. The degree
of brightness increases at larger values of µ and γ. Fig.(4b) shows the frozen effect of
the channel and the gradual increasing of Fµ as the acceleration increases. However, the
increasing rate of Fµ increases for smaller values of the initial state parameter µ and larger
values of r.
3.3 Only the Qutrit passes through the phase channel
. Figs.(5) display the areas in which one may estimate the acceleration parameter by
means of the quantum Fisher information Fr. It is clear that, the degree of brightness
increases as µ and r increase. The similar color degree means that in these regions the
Fisher information is Frozen . The size of the regions depend on the initial acceleration,
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Figure 5: The Fisher information with respect to the acceleration parameter when only
the qutrit passes through the phase channel with(a) r = 0.1. and (b) r = 0.5
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Figure 6: Fr at γ = 0.99 and for different values of µ = 0.1, 0.2, 0.3, 0.4 for the solid, dot,
dash and dash-dot curves, respectively.
e.g. at r = 0.5 the size areas are smaller than that displayed at r = 0.1. Also, at large
values of µ or r, the possibility of estimating the acceleration parameter r increases.
Fig.(6), shows the effect of the maximum value of the channel strength, where we set
γ = 0.99. From this figure one sees that, the possibility of estimating the acceleration
parameter, r, increases as the initial acceleration increases to reach its maximum value. As
r increases, the Fisher information Fr decreases gradually and consequently the estimation
degree of r decreases as the initial state parameter setting µ increases. However, the
sudden increasing/decreasing behaviors of Fr are displayed for large values of the noise
channel strength. The freezing effect of the channel strength is depicted for value of
r ∈ [0.4, 0.8] and any initial state parameter settings µ.
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Figure 7: The Fisher information with respect to the initial state settings Fµ when only
the qutrit passes through the phase channel with (a)r = 0.5 and (b) r = 0.8.
Fig.(7) displays the effect of different values of the initial acceleration on the estimation
degree of the parameter µ. It is clear that, the possibility of estimating µ increases at
small values of γ and larger values of µ or small values of µ and an arbitrary values of
the channel’ strength γ. The dark areas decrease as r increases, namely, the possibility
of freezing the information decreases as r increases.
3.4 The qubit and the Qutrit pass through the phase channel
It is well know that, the Unruh effect causes a coherence of the accelerated information.
Therefor, we investigate the effect of the initial state settings and the channel’ strength at
different values of the acceleration. Fig.(8) describes the behavior of the Fisher informa-
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Figure 8: The Fisher information with respect to the acceleration parameter, Fr when
both particles pass through the phase channel with (a) r = 0.2 and (b) r = 0.5.
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tion with respect to the acceleration parameters. In Fig.(8a), It is assumed that, the qubit
is accelerated with a small acceleration, where we set r = 0.1. It is clear that, for µ ≤ 6,
and any initial value of channel’ strength, the Fisher information Fµ is almost frozen. At
larger values of µ > 0.6, the quantum Fisher information increases gradually to reach its
maximum values at µ ≃ 0.9. However, at further values of the channel strength γ, Fr
decreases suddenly to vanish completely at µ ≃ 1 and the frozen behavior is observed
again at µ = 1.
Fig.(8b), shows the behavior of Fr at larger values of the initial acceleration param-
eter. It is clear that as r increases, the range of the channel’ strength in which one can
freeze the accelerated information decreases. The upper bounds of the quantum Fisher
information Fr decreases as the initial acceleration increases. The phenomena of the sud-
den increase/decrease is displayed for small values of r, while the gradual behavior of Fr
is depicted for larger values of r.
In Fig.(9a), the behavior of the quantum Fisher information Fµ is displayed for small
value of the initial acceleration, where we set r = 0.1 and arbitrary values of µ and γ. It
is clear that, at small values of γ and µ the Fisher information Fµ is maximum. However,
as one increases these initial parameters, Fµ decreases gradually to vanishes completely
for µ ≃∈ [1.4, 3.75] and any arbitrary values of the channel’ strength γ. On the other
hand, the sudden increasing behavior of Fµ is depicted at larger values of the initial state
settings, namely µ > 0.4 and larger values of the initial channel’ strength (γ > 0.8).
The bright regions indicate that this parameter may be estimated, while it can’t be
estimated in the dark regions. Also, the degree of estimation is almost the same for
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Figure 9: The Fisher information Fµ when both particle passe through the phase channel
with (a) r = 0.1 and (b) r = 0.5.
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each region, namely the accelerated channel is frozen. Further, in the dark region the
accelerated state is not only frozen but also the estimation degree of µ is almost zero.
In Fig.(9b), we show that behavior of Fµ at larger values of the initial acceleration,
where we set r = 0.5. One can estimate the initial state setting parameter µ in the bright
regions and the degree of estimation decreases as the darkness of the region increases.
One can also pick the values of the initial parameters which freeze the coherence due to
the acceleration r.
4 CONCLUSIONS
In this contribution, we estimate the initial state settings and the acceleration that freeze
the accelerated state. It is shown that, the degree of estimation depends on either one
or both particles are affected by the phase noise channel. If only the qubit is allowed to
pass through the phase channel, then one may freeze the information contained in the
accelerated state for smaller values of the acceleration, arbitrary initial state settings and
arbitrary values of the channel strength. However, at larger values of the acceleration, one
may be able to freeze the accelerated state by increasing the channel’ strength. Moreover,
the Fisher information with respect to the initial state setting parameter may be frozen
at smaller values of initial state settings and larger values of the phase channel strength.
On the other hand, if only the qutrit passes through the phase channel, the areas
in which the Fisher information is frozen are more regular and the estimation degree is
smaller, where the degree of darkness are much larger than that displayed when only
the qubit passes through the phase channel. The frozen areas decrease as the initial
acceleration increases. One may also freeze the Fisher information if the phase channel’
strength is large.
Finally, if both particles pass through the phase channel, then at small value of the
initial acceleration, the freezing areas are much wider than those displayed in the pre-
vious two cases. However, for larger initial acceleration, the possibility of freezing the
accelerated Fisher information decreases, where the size of the dark areas decreases. The
decreasing rate of theses areas is larger if one estimate the Fisher information with respect
to the acceleration parameters. However, the size of the freezing area with respect to the
initial state setting parameter is large.
In conclusion, it is possible to minimize or freeze the estimation degree of the pa-
rameters which describe the accelerated qubit-qutrit system by using quantum Fisher
information. Therefore the travelling state is protect from any Eavesdropper and conse-
12
quently these state may be useful in context of quantum teleportation and encoding.
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